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ABSTRACT 


The purpose of this thesis is to Summarize some game 
theoretical models which can be applied to situations of 
eontlict between two opponents. 

Opponent one's objective is to guard a long and narrow 
Strait, with his high speed boats, against the other who 
mates tO Cross. 

The models considered are zero sum game models, games 
with different payoff functions and a game with deadline 


where the game must be terminated in a predetermined period. 
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PS INTRODUCT ION 


The purpose of this thesis is to summarize some game 


theoretical models for dealing with the following problem. 


A. PROBLEM STATEMENT 

Consider a long and narrow strait where smuggling or 
Merror activity 1S taking place. A patrol unit (which shall 
be called side A) patrols in order to catch the smugglers 
or terrorists (side B). Side A is equipped with speed boats 
ropeh have a search radar, communication units and all of 
Mmeseboats are under one command. Side B consists of indi- 
viduals with small motor boats which are hard to detect. 
These motor boats do not have communication or radar. They 
meoss tne Strait at night, usually near their village or 
Meme aepiace where there is a village on the other side. 
Being near the shore their radar echo is shadowed by land 
fle che, are impossible to detect. Therefore, they can 
travel to a favorite Clrosscaie POLMt WEthOut being detected 
mio then try to cross. 

Although Side A's boats are much faster, the fact that 
the strait is long and narrow gives side B a chance to 
meoscsesuceesstuliy without being detected. Both sides 
would like to use the "best"' strategy. The best strategy 
for side A is the strategy which will maximize the number 
SrebOats Captured from side B. Side B views the best 


Strategy as the strategy which maximizes the number of 





Poms epetT DOdt pertOre Capture. A measure of effectiveness 
could be the probability that B's boat makes the trip. 
Given a measure of effectiveness, side A would like to know 
wae will happen 1£ certain operating conditions are 
emameed. In particular, he 1S concerned with how his 
Srrectiveness and his best strategy are going to change 
iene changes the number of patrol boats assigned to the 
strait, or how they would change if he can have boats with 
mere rent detection Capabilities. A would like to know 

Mow to take into consideration intelligence and how to 
determine the value of his intelligence according to the 
results he achieves. Side B, after determining his measure 
Oumettectiveness, would like to Know the best strategy and 
find out when the situation 1S too risky and therefore 
eould terminate for a period of time. 

Ine fact that side A's boats are much faster and ene ceon 
Gampone Of B's boats can be made only if it is far away from 
Shore enables A to catch B whenever he detects them. We 
Peemmewenat there is not much traffic in the strait and 
mere tOre when side A detects a boat, he always captures 
[meme thus we shall consider the probability of detection 


mommoameasure of etfectiveness for side A. 


bee FORMULATION OF THE PROBLEM 

In order to be able to determine a best strategy it is 
Gonvenient to define some mathematical models which will 
iecectIpcmtncmctClatton. We partition the strait into N 


imaginary strips as shown in Figure l. 
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In this paper we do not deal with the problem of 
Moreeting thie optimal number of strips. In practice it 
weet bDewastunction of Computation ability, the accuracy 
desired and the boat's detection and speed capabilities. 

Menis assumed that within each strip the probability 
mrat a patrol boat from A detecting one of B's boats is 
Semstanc. Computing these probabilities is not an easy 
fiek Since they depend upon such factors as radar charac- 
Mmmirstic, weather Conditions, target characteristic, 
itetal speeds, etc. Some computational methods for this 


@mse are presented in Refs. 2, 4, and 5. 


fe) SCOPE 

Piet ivincmeomcome Up with the "best" strategy we used a 
game theory approach. We consider side A and B as two 
opponents and assign DevOrt Brom b to A. Inpecnapter 2 
and 3 we associate the payoff with the conditional probabil- 
Mey that Side A catches B. We assign a payeotioot 1) ak 
pmeacenes Bb, when B decides to cross, and 0 if B crosses 
successfully. inewetOre. the value of the game 1s the 
conditional expectation that A will catch B when B decides 
momenoss. Note that it 1s senseless to use the uncondi- 
tional expected number of catches as the measure of 
seerectiveness since B has the option of not crossing at all. 

Chapters! deals with Games with deadline where side B 


PiotweGOocmene strait during a certain period or he loses 





Biemcame. in this case we were able to relate the payoff 
@ewthe probability that A catches B rather than to the 
eomdtenonal probability as before. 

Giaprouwerederines the payoit from B to A as +] if A 
@arenes B and -l if B crosses successfully. As a result 
we get a recursive game and we find the value of the game 
bpamcolvine a difference €quation. The value of this game 
Mmumbomweonsidchned as a measure of effectiveness. in order 
momeet the value of this game one has to know the condi- 
musnal expectations. these expectations can be obtained by 


me ot the models of chapter 2 or 3. 





Piven” OUM GAME 


A. INTRODUCTION 

ieordermeeosnpcrable to tormulate this conflict as a 
zero sum game we must assume that both opponents have 
Mammetly Opposite preterences. Side A strictly prefers 
@oechineg boats from side B and B prefers the opposite. 
puae A'S pure strategy 1s to allocate boats to a particular 
Toe eSeLips. olde Bs pure strategy 1s to cross in one 
Searcucular strip. 

Eom amy pure Strategy of A and any pure strategy for B 
Nemec rine: 

Peemeereerobabillaity that A will detect B 


Wiem A cho@ses to use his i th 
pure strategy and B uses his j th. 


2 


We can consider Pad as the payoff to A, and by the assump- 
mmemeot Strictly opposite preference it is the loss to B. 
Assuming that the game is played over and over again, a 
ised strategy is the proportion according to which each 
player uses his pure strategies. In order to be able to 
somve the game WemNUStsassune further that each player 
Memes tO Maximize his total payoff. Thus we can say that 
wach player tries to maximize his expected payoff function. 
PM@ecmeicemunber Of pure Strategies 15 finite, the sets 

of mixed strategies are closed and bounded subsets of 
Euclidean Space and the objective function is continuous 


fed 07)" 
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iiecse wodilocmahewicnown to have at least one equilibrium 
point and all equilibrium points have the same value, 
Gaulled the valve of the game. Since the payoff to A 
represents the probability that A detects B when both use 
Semen pure Strategies, the value of the game is the pro- 
Bonrtron Of B's boats that A detects when both use their 
best mixed strategies. Thus we can define the value of the 


eomesas a2 measure of effectiveness for A and B. 


B. ZERO SUM GAME ONE PATROL BOAT 


Here we consider the case where 


A (patroling force) has only one boat and 


Dcieibeiss |aGan cross at strips 1, 2. 
Define the mixed strategies: Let a = (a, ; a ae ay) 
be = (b,; os. pees ba) where 
fee Probability that side A usés its pure strategy i; 
tem OTObabtlity that side B uses its pure strategy j. 


[iteweeaccept the assumptions madé in section A, then by 


micewmanimax Iheorem, the value of the game is given by: 


——_- 
oo 


Meiemax mun) 2) @a.P. b. = min max .7 a,P. b. = V. 
sete 6) ‘eee. 
if j j 1 
This game is easily solved by linear programming [Ref. 3]. 


side A as a player wants to maximize the value of the game. 


femcanmadorthiat if te plays a mixed strategy a*. By doing 
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so he will get at least V no matter what B does (Von Newmann- 


Memgenstern Theorem [Ref. 10]). 


iMmoeamticilay mo willwget VY or more if B uses any of its 


pure strategies. Thus A wishes to solve the following 


linear program: 


Max V 
ec 

ayPay cp eee eee ee UE 2 

a, Pi, + a5P.,2 Cee eer naa Gs ae > V 

ein i aoP on ‘ a eS 
n 
Se aaa 1 
1=1 


menrdcting the first row of the constraint matrix from 
any other row but the last yields a different form (P1) 


Women iS GCasier to solve. 


Max V 
Wee s.t. 
az (Pio - Py) + a,(Pa, - Poy). - t ayy, - Pal? 
ne aes pee ag) a e+ a (PE 
n. 
we a, = Ik 
i=l 


al 





Using the same reasoning, we get a similar formulation for 


Emwnich 1s the dual of (P1) called (D1). 


Min V 
fe) s.t. 
Ae anos pr + 2 inl ene 
ie ee nO ye ie Ceo na! Se 


n 
bs = 1 
jel: 


C. ZERO SUM GAME, MORE THAN ONE PATROL BOAT 

itesucdelsan Section B can be extended by allowing 
Sade A to have n boats. First we extend the definition of 
lee Strategy for A to be a particular allocation of his 
boats. 

For example, if we have 10 strips and side A has three 
Bemes a pure Strategy is to allocate boat number 1 to 
Beep), Doat number 2 to strip 3 and boat 3 to strip 5. 

If Side A had only one boat it would have only N pure 
Strategies. With n boats, however, side A nal nN” pie 
strategies. We can index these pure strategies by 
i, = rr N”. and we define a set Rs which asso- 
mrtees With each index 1, a particular allocation of boats 


eemparticular strips (see Figure 2). 
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Pamesctmavesy indexed Dy 1,°therefore, refers to an 
allocation of boats to strips according to he 
De faine ; 


|e 
1) 


i 


Probability side A detects B when A uses his pure 


strategy indexed by i and B crosses at }. 


iil 


Dee . 


ig Probability that A detects B with a boat assigned 


POmstrip sk accomang the set of allocations he. 


jams, it follows that 


ree a= 


(2) 5 nee “/¥G-PKS) 


for ca th 


Koen 
it 


memeim section B this game can be formulated using linear 
programming. The method of solution remains the same but 
the simplex algorithm or any other used will take more 
calculation time because the number of rows is now N’ + 1. 
iiemnumber of columns is still N. 

Side A has a meee Stare ey CONsma Eine OF N” elements 
where side B has a mixed Stuaecey GOnsiStineg of Only N 
ewements. Expanding the number of boats for A does not 
milmmee the sé€t of Strategies for B but it changes con- 
smaerabply the set for side A. 

Picevarucwor uke wgame, V,1s the proportion of B beats 
mimeneare Caught by A. One question of interest is the 


marginal effect of providing an additional patrol boat 
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femeside A. In order to answer this question one must 
solve the game with n boats and then with n + 1] boats. 
This is a painful process since the two games have dif- 
ferent payorr Matrices and different strategies. Another 
interesting question is what happens if A's detection 
capabilities change. The simple, but painful, way is to 
rermulate the problem again and to proceed from the begin- 
ning. However, a revised solution can be obtained by 
making pivots in the old basis from previous solution 
were ol. this 1s illustrated in the following example. 
Ime xamplc | 

Consider a strait 100 miles long with 10 possible 

Smessitig points. Side A has only one boat operating against 


B with detection capabilities shown in Table l. 


PA bee 1 
B cross 
2116 
A patrol. 
at 1 2 3 4 5 6 7 8 S, 10 
il oe 
y mom a0.) 242 
3 come cer. 22 
4 WOO eso) Oe” 6 
S MeO RO. Os: A. 
6 Pieeeoens om. © 
7 ai AO 
8 .4 ro 
9 ae: 
10 5 


Note View to the strait geometry, the detection capability is 
ai Ome tineceNoOmror the place where B crosses. 


aS 





Born A and B would like to use their best strategies. 
imieaddaition, side A feels that the proportion of boats he 
is catching now is not sufficient and he would like to 
@eeen at least 304 of B's boats. He has two alternatives: 
(1) to obtain another detection radar. 


(2) te Obtain another Moat (identical to the present 


one.) 
SimGesalbernativew mm. in general, is cheaper, he 
would like to choose it if possible. Solving the problem 
(using the Pl formulation) for one boat, we get that the value 
of the game is .1706. This means that A catches 17.06% 


@r B's boats when he uses the mixed strategy: 


a, = led 5 ae = 0 

a, = - 10464 aa = 5 MSG 
az = 0 ag = nUGZ05 
a, = GS ole, Ag = See 
ae = eS Sf aig = . 16860 


Now if A has another detection unit on board. irs 


meweace tection capability PE 1S given by: 


* = = me = = - 
(3) ee -2,,) - 2P,, - Pi, 


The new detection capability table is shown in 


Maple 2. 
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TABLE 2 


J. IG oo. 20 

2 Roepe Og O40 Se. OO 

5 Pon o4e 6.0) 5.54.5. 50 

4 POW SO O42 1D 

5 Wim 90) S755 . 19 

6 wo esas 2905 775 

i, nor, 20, O4 

8 OMT eee Om Dao 7 

9 ly Sees) Da 9) 
10 2o)) wee 


Solving this game makes the proportion side A 
catches with two detection units 23.22 per cent. Side A 


Muictecnen modify his strategy to: 


a, = er Ol sos ae = mvs 2 | 

a, = S70 s4 a = 522704 

a ae ae = 0 

ay = 0 ag = leo 70 

ae = pills 7 S18, aio * eeseeG 


Nemsoccutnat adichoughneene Citfectiveness of the boat 
am@st doubled, side A's effectiveness increased only by 
So>. While the boat 1S more effective, its detection range 
wid not change. According to the formulation of the prob- 


lem this effectiveness is not sufficient for A, who would 


I 





like to examine the possibility of having two boats in 
Bie Strait. 
Now consider the case where side A has two boats 


and. let A denote the proportion of time that A assigns 


kk 
Boewtmone to strip k and boat two to strip 1. We have a 
100 x 10 matrix if the two boats have different detection 
@am@abilities, and a 55 x 10 matrix if they have identical 
@agabilities. 

eno tes 0 y Pk’) , 3 ENC upmohabDiilmcty that B as 


detected when A has boat one at k and boat two at 1 and 


Meese CLrOSSiIng at j. Thus, 
(4) Pk&.3 =] - ho ee rep 


“eeime this game yields a detection probability of .339 
feeotde A, Therefore, side A can get 33.9 per cent of 


B's boats if he uses the following mixed strategy. 


Assign boat boat two 
ome to strip EOmSerLy Proportion 
Pal 6 .04388 
1 7 .05485 
2 fi ~ 11854 
2 8 Reale 
2 2 .08942 
4 9 .03820 
5 9 yrOOIZI0.9 
5 10 . 28084 
ii EG aGosl?7 


Hawg another identical boat does not double the probability 
O£ a catch for side A as expected. The large increase indi- 


Cates a very poor coverage with a single boat. 
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D. ZERO SUM GAME WITH SOME KNOWLEDGE OF OPPONENT'S STRATEGY 
Whe Nature Of a zero Sum game 1S that it has a unique 
eamibibrium., if side A chooses the correct mixed strategy 
he is guaranteed to get at least the value of the game 
regardiess of what his opponent does. For a zero sum two 
person game it can be shown that side B cannot get more than 
Minus the value of the game if he plays any strategy when 
A uses his optimum strategy. Now consider the case where 
side A has some knowledge of what side B is doing. If 
mideeb Dlays 1@s sbestestrategy, then side A cannot gain by 
changing his strategy according to the information he has. 
ere A Can gain only if he has information on what side 
ii@es and Side B does not play according to its best 
fematesy. Obviously, if A has information on time and 
location of side B shipments, then he intercepts B. On 
fmemotner hand, he might have some information on proba- 
Peemeectes associated with the way B uses some pure strategies. 
If we have information of the second type we can include 
this information ag EQS tGawnts in UAcl ee formulation 
Ween. 4], 
i. eels 2 

Consider Example 1; and assume that side A has 
only one ship, but with additional information. He knows 
miat Side B is twice as likely to go in strip number 5 
Bianein number 1 or 10. He also knows that less than half 
MicmEine side eb will eo throueh strip number 4, 5, 6, 7. 


Formulating this as a linear programming problem we have 
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For A 


max [V' - 1/2 w,] 


Sc. 


(P2) 


17+ 04,t. 2a 


wOa 


8a 


17: 8a,+.6az+. 2a, 


.2a,+.6a,+.8a,+. 0a, 


.2a 


+. la, 


2 3 gt dag ty 


-2az+,0a,+.8a,+. 6a, *W5tW 2 


qt 0act. 8a, +. 5a. 


ee oe 4a 


aod +.8a4+.0a 


Jka 


-la,+. 5a, 


-4a5+.8agt. 5a, 


.5agt.8agt. sa 


fi 8 


10 


-3agt. 8a, > 


}— 
) 


20 


x 
We > 0 Wi» W, nme skein c ted 


- 2W 


ee 


TW 2 


tu) 


- 2W 


PME STEN SL Ee 2 VCE aL 


| Vv 


a 
a 
a 
a 
a 
fe 
ve 
a 
a 


Vi 





For B 


Min V 


.8b,+.6b,+. 2b, 


[A 


foie +. 8b,+. 6b tm D 


1 3 4 = 


.2b,+.6b,+8b,+.6b,+. 2b, < 


ib +.0b,0. 6b,*. ob. @. 1b, < 


.1b,+.6b,+.8b-+. 5b, +. 1b. 


CZ) .5be+.8b5+. 4b, 


-4b5+. 8b e+. 5b 


.3bQ+.8b,*. 5b 


.3b,*.8b,q 


[ A 


s Ale 


ee FS a ae eos 
a Se Oe ee 


t 
ie) 
a 

_ 
S, 

II 
= 


+b, - 2b, 4 = 0 


b,tb.t+b tb. 


[A 


by 2 


Note that the problems for A and B are dual problems, and 
miemvalue for both sides must be the same since the game 


Homa Zero sum game. 
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Eee LIMITATIONS OF ZERO SUM GAME 

The zero sum game formulation to this problem is 
Somputationally simple, since equilibrium points exist 
and the value of the game is unique. There are some 1limi- 
tations, however, that must be considered. By modeling a 
conflict situation as a zero sum game,one assumes that 
bean Opponents see the same payoff function and their 
Mmererred alternatives are strictly opposite. In our case 
of patrol boats and smugglers we assumed some detection 
bimerion and the payoff was the probability of a patrol 
Beme detecting a smuggler. It 2s not always true that 
wimiecrers know the detection capabilities of the patrol, 
and in most cases smugglers know very little about this. 

The minimax solution of such a game provides an optimal 
Eemmtion against 42n opponent's optimal strategy, and if the 
Gpponent deviates from his "best" strategy the solution 
does not indicate how to take advantage of his mistake. 

The minimax solution was derived assuming complete lack 
of knowledge about the opponent's strategy in any specific play 
If this knowledge exists there are better methods which are 


apeeicable. 
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Lilet een oPAYOPP FUNCTIONS 


wee FFERENT PAYOFF FUNCTIONS 

In Chapter 2 we assumed that both side A and side B 
Seertne Same payoff function which made it a zero sum 
game. One of the disadvantages of this approach is that 
side B does not always know the detection capabilities | 
Geamcotae A, Thus side B can assume some detection capa- 
bilities of side A boats or he may randomize his behavior 
Peeenavineg @ Uniform distribution over all crossing points. 
If side B chooses to assume some detection capabilities on 
Sedieme. WE Can Construct a table with entries of the proba- 
Empey that B perceptually will cross successfully in 
Baio} when Side A's boat iS in Strip i. Now each side 
Weieobserve his probability matrix and try to get the 
tees tracesy thinking that his payoff matrix is the true 
Peyert matrix. If we assume that each side will think 
Miswentne Other side knows the "true" payoff matrix each 
will use a mixed strategy that will guarantee him the 
value of the game. MOREE ORG . Side A will not change his 
Strategy (denote a*). Side B, assuming a payoff matrix Pos 
will solve the game and determine a strategy b+ which is 
igeterent from b* (strategy of side B when he knows the 


Mayor Matrix P. of side A). Side A will get a payoff 


ve = a**P bt 


1 


2 D1, where a’ denotes "a trans pos ees 
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B. STRATEGY AGAINST OPPONENT WITH RANDOM BEHAVIOR 

eoetcdriiescecelomen te 1S ditficult for side B to 
know the detection capabilities of side A. Without infor- 
mation, side B might assume it is uniform and, therefore, 
in order to minimize his risk use equal probabilities for 
Paemmecrossing point. Thus, if we have N crossing points, 
the probability that side B will cross at one of them is 
iy tee if side A knows it, he might use this information in 
order to maximize his expectation. As before we use 


hwedr programming to calculate the expected value for side A. 


N 
Se 
jou” 


| a 


i 
max V - 


N 
am ai on + a - aed OREOE every | 


1=1 j 
(P35) 

N 

ba, P= 1 

1 


Pemooce chiis information by recalling that the problem of 


Sece A 1S the dual of that of side B which is 
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Min V 


Mewewe Can convert the primal problem to the form which 
is easily solved by the simplex method by subtracting the 
meee line from the others. 
wee example 3 
Consider Example 1, but side A knows that side B 


fieeemrds tO use a uniform strategy. The problem then becomes: 


l N 
Max V - V = x 
j=l 
Smee. 
.8a,+.6a,+. 2a, RES V 
-6a,+.8a,+.6a,+.2a 4 * wo > V 
-2a,+. 6a,* -8a,+.6ay+. 2a. tw, > V 
-2a5+,0a,+.8a)+ -6a-+. 1a, * Wy > V 
-la,z+.6a,*. $a. 2a +. lan tue 7 V 
-la,+.Oacr, 8apt. 5a 4 * We > V 
apt. 8a5t. 4a. Fw > V 
-4a5+.8a ot. 3a, ye cs V 
»3agt. 8agt. 5a, Q * Wg 2 V 
-5agt.8a,o +0) 92. V 
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Solving this problem on the IBM 360/67 we get that the payoff 
m0.25 which corresponds to side A remaining at strip 3 all 
tne time. the value of the information to side A is .23 - 
mieeice= .0594. or he increased his efficiency by 35% by 
feonine this information about B. 


Note 





Imethis case we could solve the problem without using L.P. 
Since we know that side B is equally likely to cross at 
Bmyeepoint, Side A allocates his boat to the strip where he 


fatseetene largest probability of catching B. 


ec ONCLUSION 

Whenever side B deviates from his max min strategy, 
Sides. 1S guaranteed to have at least the previous payoff 
oan MOSt cases he will have more. When side B has 
teeme 1deas about side A detection capabilities, this must - 
meaamec his payoff. If side B deviates from his max min 
peaecoy (side B uses a uniform strategy) and if side A 
ieawmeenis information, then side A can uSe it to increase 
his payoff. In general, any information one side has on 
mm@ewother Side is very helpful and although we calculate 
the min max or max min payoff which is the guaranteed 
payoff, additional information can increase the payoff 
mon Side A (or decrease it for him) Sa cieebocan tly, 
Pomiesides, therefore, can benefit from using information 
which tells how the opponent deviates from his max min (min 


max) Strategy . 
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IVa GAME WITH A DEADLINE 


We now consider a conflict situation which is limited 
by time. Such a case arises when smugglers (side B) have 
perishable items, or intelligence which must be delivered 
within a certain time period; otherwise they become of no 


value, 


A. GAME WITH A DEADLINE, ONE PATROL BOAT, ONE SMUGGLER BOAT 
Denote the period by M (1i.e., the smugglers have M 
nights to cross the strait). Assume that B must cross the 
Seat only once in the period M in order to succeed. Side 
A (patrol boat) has only one boat and due to limited 
meooomrces Can use 1t only for k nights, where k < M. We 
assume at least initially that both sides know M and k. 
Each night both side A and side B make a decision to go to 
eeamor Not to go. 
en T-. aia 


. denote the value of the game on the n day 


Memore the end of-the period. The game matrix is shown 





Mimable 3. 
Siciem. 

£0 no go 
V n-l 
go een 

Cade game 1s over A has k-1 available days 
cee sie ae pn-1 

—«k 
game is over A has k available days 


TABLE 3 


Zed. 





Explanation 

Mee itestde ms and side B both decide to go, side A 
has some probability of catching side B. This probability 
can be determined from a zero sum game (see Chapter II) 
or any other way. 

Pe imltesiae Bo goes but side A does not, B wins and we 
Saeeeme payoff to A is -l. 

oe tt side A goes but mot side B,then side A loses one 
available day. 

feett both do not go, one day is gone from the period 
and side A has as many available days as before. 

POE this type of game as shown in Table 3 one can 
show that the value of the game is given by the following 


memitesive equation [Ref. 10, p. 173]: 


etal 0k 
ve can 
n k k-1 
)) ry = j ; 
n- n- 
ee a 
with the boundary conditions 
re = =l and I =v , for every n > 0. 


Nome that for the last period (n=l), the game matrix has 


ome torm: Side B 


Side A 





where |v| < 1. By dominance, side B must choose the go 
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Strategy which implies he always chooses to go on the last 
memmod if he didn't do it berore. Now if side A has n 
available days he will use them all. Then each day he has 
Gmemwort V if side B goes. But since we know that B 
will go, the value of the game then is v. If side A has 
more than n available days he can use at most n because 
he has only one boat. 

fiitemsoltition of the difference equation is given by 
the following: 
Theorem 


iiessoOlution of the recursive game described above is: 


nh eve) ) = on 
(6) ce 5 ne 
PuOOL 
Maem 5) Lt £ollows that 
ce te I n-1 Wictvt i) —(n-1) » (k-2) (vel) Gio) 
ES a ee > a es 
k geo! n-] (k(v+1)-(n-1) (k-1) (v+1)-(n-1) 
Pe oe eee 


Pavone iyt 1 = (vel y= (n-1) 
Ved yey | 


CpG eine | a Kivi) en 


Y ca on n 
\ q2e.d. 


hemmed. (nererore, write the game matrix as: 


De 





Side B 


gO no go 








Side A (k-1) (v+1)-(n-1) 
n-l 
no go k(vt+1)-(n-1) 





n-l 


Mmeestde A uses a mixed strategy where cE denotes the 
pmowdbility to go when there are n nights left and side A 
has k available days remaining, the optimal 'go" probability 


for side A is found by solving: 


k(v+1)-n 


n ee. 
X,V - 1 Gloss) = = 


from which it follows that: 

n 
(7) : 
Peelarly, for side B using mixed strategy with "go" 


probability Vee 


yyv in Gar)  ) = ae ee 


and therefore: 


i 
(8) ie = 
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Pic Wem eOMnectiGdc tiat ian order to get the value of 
the game, side A must allocate his available days so the 
peemability that he will go is equal to the ratio of the 
mumber of search periods available to A to the total 
number of remaining periods. 

mer side B, a uniform probability distribution over 
the remaining period will give him the value of the game. 
This probability is independent of the number of available 
days which side A has. 

Knowing the value of the game ae we can calculate 


the probability that A catches B by 


P {A Cate e} = 


ime Example 4 
Consider a game where in any period if side A 
pmgieates a boat and side B decides to go, side A gets 
meee: OF 0.5. There are 10 days left to the end of 
eiiempceri0d and side A has only six available days. 
The strategies for A and B are, to go with probabili- 


lanes : 
= a = .6 and ot ly LO eerespeetively. 
The value of the game is 


7 SoU Seles 
5 | es 


5A 





If A and B did not go, we have a new game where 


ieenerore 
xe = 2 = .667 
Ye = . Aa 
r? 2 Ole ae 0 


o0 10 


B. GAME WITH DEADLINE, TWO PATROL BOATS, ONE SMUGGLER BOAT 
Consider now the situation where side A has two boats, 


one capable of doing ky and the second k, patrol days during 


2 
the period. 


Case l 

Suppose the two boats are identical and side A can 
gammoe@ate his boats according to some optimal plan. If 
emaalocates one boat he gets V* and if he allocates two he 


i 


gets V5. Side A now has three alternatives and the game 


meet the form: 


go | no go 
| 

* = 
two boats V5 rk 2 
n-l 
one boat vi k-] 
1 Aer 

no boat -j | rk 
n-l 


Oe 





but when side A has only one available day, it becomes: 





one boat 


and on the last day of the period: 


Vi if k > 2 
: - Veifk=1 
ol jee 4 


Note 

(1) The fact that the two boats of side A are identical 
allows us to lump together the remaining available search 
pemeod for each boat. 


(2) The matrix for c 1s 





go no go 
two boats | V5 +] 
one boat ys te 





no boat all poe 


Side B always chooses the dominant go strategy. 
The solution to this game can be obtained by solving 


me recursive equation: 


oak 1 
(9) ee el ne 


33 








where f is the recursive relation, and one must solve a 
Eeeeee game. Usually this is done by formulating an LP 
program, but in this game we find its value graphically 


bpapeconsidering the dual problem or: 


Min v 
Sak. 
k-2 
V5 vas el (ley) es 
k-1 
* = 
Vi vant ee (l-y) < v 
ily) PS. te eae 
y n-l 


where ESuebe ValMe™ot ythe game in period n when side A 


has a total of k available days. 





meersire 3 we see a typical graphic solution. It is 


always true that V5 > Vi > -1 and 


k k-1 k-2 
| ia Peal ie aaa 


or there could not be dominance. 


34 








PecoOlUtiONeis the Highest point of intersection of 
EroelLines or intersection of all three lines or if there 
are two solutions any convex combination is also a 
Sonuction. 

methough we Cannot tind an explicit form for oy we 


can solve the recursive relations for known values of 


* rs 
Vi and V5. 
Case 2 


Buppose now that the two boats are not identical. We 
can define Vi> V5 apeey “= as ,expected payotis when boat 
maumber one, boat number two or both are out according to 
some optimal allocation. 

k1,k2 

Let i be the value of the game played when n 

Bemtoads are left and side A has ky available days for boat 


number one and k, forthe Open boat. [his is a 4 x 2 


game with matrix: 


go no go 
k1}-1, ko-1 
both boats Vrs 1 y 
| iG Ik 
3 k,-1,k 
boat number one Vs ie 1 2 
1 n-l 
Keak 
boat number two vs i 
2 n-l 
no boats ma Lege 
T 
n-l 


55 





and boundary conditions. 


vee if k,) >1 k, >] 
pha sk2 j Vi mse ky call Kk, = 0 
Vf if k)=0 k,>1 
= Walse Ky = 0 kK, = 0 
pore = -1 
where 
halle and Wigs means the corresponding rows must 


be eliminated from the game matrix. 


lear Ke 
memstated in Case 1 the value of es 2 a5 a tune elon 
ee ee ee? kj ,k2-1 
ek ke £ 
Ou v, Vi» V5 and Peed Poy and aa can be 


Pomcenmumerically by linear programming or by graphic 


solution. 


ase 3 

As a final eaee we point out the situation where 
side A has (mOOtemoOt diihetent types, In principle it 
1s the same problem as Case 2, only the game matrix now 
is 2" x 2. One has to define all combinations of payoffs 


and develop arecursive relation by linear programming or 


graphic methods. 
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